





(Howard and Kerby, 1983; Howard et al., 1994; Whipple et al., 2000a; Kobor and
Roering, 2004; Whipple, 2004). These models use basic formulation to describe the
complexities of river incision as a bulk relationship between mean bed shear stress, or
unit stream power, and incision rate (Whipple, 2004). In principle, a threshold shear
stress below which no erosion occurs should be included (Whipple et al., 2000a), but is
omitted in the interest of maintaining simplicity.

In the most basic stream power law, the variability of precipitation is not taken
into account. However, as in equation 2, upstream drainage area A can be replaced with
discharge normalized over the drainage area, Q, in order to include precipitation
variability (Hancock et al., 1998a). Discharge represents the portion of precipitation that
reaches the river channel, and does not include water lost to evaporation, vegetation, soil,
and water bodies.

The constant k in the stream power model is a coefficient of erosion incorporating
effects due to lithology, climate, channel width, hydraulics, and sediment load (Sklar and
Dietrich, 2001). The units of k are flexible and compensate for the discrepancy between
the units of incision rate and the units of normalized discharge taken to a power of m.

The relationship of m and n to the other parameters in the stream power model
can be seen in two distinct ways. Assuming that incision is proportional to unit stream
power yields a theoretical m of 1/2 and n of 1. Alternatively, assuming incision is
proportional to basal shear stress suggests values of m and n at 1/3 and 2/3, respectively
(Howard and Kerby, 1983; Schlunegger et al., 2001). Howard and Kerby (1983), for

example, found incision rates of the rapidly eroding Virginia badlands to be adequately
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explained by a stream power model assuming incision rates linearly proportional to shear
stress.
Previous Findings

Numerous studies have applied adaptations of the stream power model to field
and topographic data (Howard and Kerby, 1983; Stock and Montgomery, 1999; Snyder et
al., 2000), and estimates for the values of k, m, and n vary widely.

Most factors that are relevant to the variability of incision rates in a particular
setting are folded into the k parameter, which includes a large number of variables and is
not easily estimated (Hancock et al., 1998a). The Upper Ukak River in Alaska (Whipple
et al., 2000b) and coastal streams in California’s King Range (Snyder et al., 2000) and in
Santa Cruz (Rosenbloom and Anderson, 1994) incise into similar lithologies but yield
different estimates of k. Stream power erosion coefficients for the Ukak River range
from 2.4x10™ to 9.0x10*m"/yr , as much as two orders of magnitude lower than the
California rivers (Whipple et al., 2000b). The coefficient k may also vary with uplift rate;
in an analysis using both field data and a digital elevation model of stream profiles in the
Mendocino triple junction region of northern California, Snyder et al. (2000) found k to
vary between 1.0 and 8.0x10°m™?/yr.

Stock and Montgomery (1999) simulated the lowering of river profiles from
around the globe by varying k, m, and n, and matching the theoretical profile as closely as
possible to the corresponding modern river profile. They found at least two end-member
incision laws; kA%“S! for rivers with stable base levels, and kA%*%2S" for rivers subject
to abrupt base level change depending on the frequency and magnitude of knickpoint

erosion (Stock and Montgomery, 1999). If a river follows the first expression, with m
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equal to 0.4, k varies from 10 to10°m®?/yr for granite and metamorphic rocks to 10 to
10™*m®?/yr for volcaniclastic rocks, and 10 to 10”m®%/yr for mudstones (Stock and
Montgomery, 1999). This potentially large variation in k with lithology, and therefore
erodibility, could strongly influence the rate of long-term landscape change, including
denudation rate and sediment yield (Stock and Montgomery, 1999).

Kirby and Whipple (2001) demonstrate that rivers in the Siwalik Hills of central
Nepal are best modeled with the parameter n ranging from 0.6 to 0.9, which is reasonable
for incision rates linearly proportional to both basal shear stress and unit stream power.
When Kirby and Whipple (2001) used an n of 1, they found that k ranged from
approximately 1.5x10m® %/yr to 1.6x10*m>%/yr. Similarly, they found k to range
from approximately 6.0 to 6.9x10*m"%/yr using an n of 2/3 and assuming erosion to be
proportional to shear stress (Kirby and Whipple, 2001). Two studies using an m of 0.4
and an n of 1 found k to vary from approximately 9.0x10™*m®%/yr (Whipple et al., 2000b)

to approximately 4.3x10™* m®%/yr (Kirby and Whipple, 2001).

APPLICATION OF THE STREAM POWER MODEL
Data
The stream power model calls for direct measurements of the rate of incision and
channel gradient from bedrock incising rivers. The discharge and upstream drainage area
are also required, and can be found by combining the modern precipitation gradients

mapped by Frei and Schar (1998) with a digital elevation model (DEM) of the area.
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Field Data

In July and August of 2007, measurements of nine sections of bedrock incising
rivers (mostly first-order) from high alpine cirque valleys were taken, four in the
Lepontine Dome and five in the canton of Graublinden (Table 1). The nine reaches of
bedrock channel are from seven rivers; two separate reaches of bedrock incision were
measured at two rivers. One such river is from the Lepontine Dome, and has
approximately 150 m between the two measured reaches where no bedrock incision has
occurred. The other river of this nature is in Graublnden, with approximately 250 m of
non-bedrock incising channel between the two measured reaches.

All rivers in this study are above 1,700 m and incise into glacially polished
bedrock. By taking the glacial surface as reference, the amount of material eroded from a
bedrock incising reach can be found by measuring channel geometry and estimating the
time that has passed since the last glacial retreat. The depths that these channels have
incised into the bedrock are assumed to directly correlate to the amount of fluvial erosion
since glaciers last occupied the valleys.

Distance measurements were collected using an Impulse 200 laser by Laser
Technology Inc and reported in three parts: a horizontal component, a vertical component,
and the angle from horizontal. All bedrock-incising reaches contributing to this study
had smooth, v-shaped channels; therefore the cross-sectional shape of the incised valleys
is assumed to be triangular. Additionally, the bedrock incising reaches were assumed to
be straight. Measurements were generally taken from one side of the channel, at the

boundary between glacially polished surface and fluvially eroded bedrock. At
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approximately 40 m increments along the channel, the distance to the bottom and the
width across the channel were measured.

From the measurements of high alpine bedrock incising rivers from both the
Lepontine Dome and Graubunden regions of Switzerland, the incision rate, E, and
channel gradient, S, for each of our nine sites are calculated. The channel gradients (in
m/m) were calculated using field measurements, triangle trigonometry, and Microsoft
Excel (Fig. 4). The final gradient reported for a field site is the average channel gradient
of all calculated gradients between successive triangular cross sections. Gradients range
from 0.112 to 0.442 (from the Graubiinden region and Lepontine Dome, respectively).
Additionally, at each set of cross-sectional field measurements taken along the channel,
the depth of the bedrock incising river was calculated. Depths of incision for all cross-
sectional sets of measurements along a river reach were then averaged. These average
depths of incision range from 2.99 m to 14.71 m, with the smallest depth of incision from
the Graubiinden area, and the largest from the Lepontine Dome.

Digital Data

To determine the normalized discharge parameter, Q, which incorporates both the
discharge rate and upstream drainage area for each field site, | used a 90 m DEM of
Switzerland and modern precipitation data (Frei and Schar, 1998). The precipitation data
are at a 1 km resolution, in mm/d, but were adjusted to fit the DEM resolution.
Additionally, the units of precipitation rate were adjusted to m/yr.

The DEM used in this study represents the surface of glaciers and lakes,
underestimating the local relief defined by the bedrock surface (Kihni and Pfiffner,

2001). Also notable is the difference in granularities between the field and digital data;
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channel width T
depth of
incision
B
D
————
Triangle 2
Triangle 1

Figure 4. Channel trigonometry: (A) With distances and angles measured in the field, the
volume of eroded material and depth of incision are calculated. (B) The area of each
triangle is (B x C x sin(a)) / 2. The volume of this section of river channel is

(area of Triangle 1 + area of Triangle 2) x D / 2.



the field data is much more precise than the DEM for measurements such as channel
gradient.
Assumptions

The stream power model focuses on discharge rates, upstream drainage area, and
channel gradient to describe incision rates. However, bedrock incision rates are also
controlled by climate, lithology, tectonics, and topography (Whipple, 2004).
Environmental conditions such as stream chemistry, variability of flow, sediment supply
and temperature have minor impacts on incision rates (Whipple, 2004). Between the
Lepontine Dome and Graubiinden study areas, many of these factors are similar and will
be assumed to have little consequence to the application of the stream power model in
this study.
Paleoclimate

Although recent precipitation trends of the Central Alps have been studied
(Legates and Willmott, 1990; Frei and Schar, 1998), this quantitative analysis will use
incision rate, which is a long term feature of rivers, with short term features such as
modern water discharge and channel slope. The modern precipitation data are assumed
to be representative of the long term character of the river. Although the data barely span
20 years, the trends from these studies are also assumed to describe the climate of the
Central Alps for the past 20,000 years. Mean annual precipitation rates do not assess the
effect of large-magnitude flood events, which potentially play an important role in

controlling fluvial morphology (Brocard and van der Beek, 2003).
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Tectonic and Geomorphologic Steady State

Changes in the rate of tectonic exhumation will not cause a direct change in the
amount of eroded sediment (Bernet et al., 2001); however, at the surface, it has been
observed that river channel gradients and incision rates tend to adjust to match uplift rate
(Sklar and Dietrich, 2001). Consequently, since rock uplift rates are equal to the rates of
denudation in steady state landscapes, the total amount of eroded material is proportional
to the uplift rate (Sklar and Dietrich, 2001; Kobor and Roering, 2004).

Exhumation of the European Alps occurred mainly from 35 to 15 Ma (Kihni and
Pfiffner, 2001). Bernet et al. (2001) suggest that the eastern Alps have maintained steady
state exhumation at rates of approximately 0.4 to 0.7 km/m.y. since at least 15 Ma. Itis
therefore assumed that both the Lepontine Dome and Graubiinden regions have
experienced similar exhumation rates since the most recent glacial retreat.

Erodibility and Lithology

The development of drainage networks and effectiveness of fluvial erosion
depends on a variety of factors, including the resistance of the outcropping rock type
(Kdhni and Pfiffner, 2001). Erodibility is related to the resistance of a lithology against
its wearing down by erosional processes, and lithologies with high erodibility have higher
rates of fluvial incision.

The Lepontine Dome is underlain by granitic basement and its associated high-
grade metamorphic rocks from the continental margin of the European plate, while the
Graubiinden region is underlain by supracrustal rock from the continental margin of the
Adriatic plate (Kihni and Pfiffner, 2001; 2006). Generally, both study areas have

massive bedrock of gneissic basement from Europe or Adria. This bedrock does not



easily weather; therefore, | assume patterns of bedrock weathering do not differ between
sites.
Sediment Supply

Gilbert (1877) first proposed that the quantity of sediment supplied to a river
influences bedrock incision rates. The relative contributions of bedload and suspended
load to erosion are uncertain, but they seem to vary as a function of drainage area,
sediment supplied, and substrate properties (Whipple, 2004). In bedrock channels, a
river’s sediment load can provide tools for abrasion of exposed bedrock (Gilbert, 1877;
Sklar and Dietrich, 2001; Whipple, 2004). Sediment size also influences incision, since
fine grains are carried in suspension and therefore provide neither significant abrasion nor
protection to the bedrock river bed.

As addressed earlier, the bedrock in both areas are generally massive, and
supplies similar sediment to the valley floor when eroded. Both study areas should also
have accumulated glacial and mass wasting debris from deglaciation. Thus, the grain
size distribution and quantity of sediment from surrounding hillslopes probably do not
account for differences in bedrock incision rates in this study.

Glacial History

An important assumption to make is that the most recent glacial retreat occurred
simultaneously in the Lepontine Dome and Graubiinden, since the current landscape can
be attributed to this last deglaciation. In addition, it is inferred that the bedrock surfaces
themselves have not been altered or eroded significantly since this most recent

deglaciation and that the bedrock incision is fluvial and postglacial. The age of these
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glacially polished surfaces is approximately 20,000 years, or, the time since the Last
Glacial Maximum (LGM) Alpine ice cap occupied these areas.

The most recent global ice age in the European Alps was the Wiirm glaciation.
During the LGM, the late Wiirmian Alpine ice cap covered the Alps and mountain
glaciers extended onto the foreland, coalescing into huge piedmont lobes between 24 and
19 ka (Ivy-Ochs et al., 2004; Kelly et al., 2006). Based on radiocarbon dates, the
maximum late Wiirmian ice extent on the northern Alpine foreland occurred
contemporaneously with the global LGM at approximately 24,000 to 21,000 calibrated
years before present (Kelly et al., 2006). Kelly et al. (2006) used erratic boulders to find
surface exposure dates, which showed the onset of deglaciation from the LGM ice extent
on the northern Alpine foreland at around 21,100 years before present (radiocarbon ages
are calibrated to calendar years before the present). In addition, lvy-Ochs et al. (2004)
posit that the Rhéne Glacier had withdrawn considerably by 19.1 ka.

It is possible, however, that readvances of local cirque glaciers re-covered and
eroded the underlying bedrock in the past 20,000 years (Kelly et al., 2006). To simplify
our study, we assume that the most recent deglaciation of the Central Alps occurred
rapidly, in unison, and at the end of the LGM. Kelly et al. (2006) support the
interpretation that deglaciation was rapid.

Mathematical Methodology

Data collected from nine reaches of bedrock incising rivers, from both inside and
to the east of the Lepontine Dome, are used to describe three of the six parameters of the
stream power model (equation 2). Therefore, a stream power model such as equation 2

can be written for each of the river reaches. The parameters k, m, and n have theoretical



values, but are calculated with a least squares analysis in order to find a stream power law
describing the Central Alps study area.

Least square optimizations can be divided into linear and nonlinear problems; the
nonlinear optimization does not have a unique solution, while the linear optimization
does. A unique solution for the three unknown parameters is needed, so the nine
equations are transformed from exponential form to a linear form. This is done by taking
the logarithm of each side of each equation:
log(E) = log(k) + m log(Q) + n log(S).

Using one equation for each river reach, a system of linear equations is obtained
and a linear least squares analysis is performed. Implementation of the mathematical

analysis is described in Appendix 1.

RESULTS

Data Exploration

Reviewing the relationships between the known parameters of the stream power
model reveals a few trends in our data. Normalized discharge, when plotted against the
DEM discharge for each of the field sites, confirms that although the field sites in the
Lepontine Dome have comparable upstream drainage areas to the Graubiinden sites, the
Lepontine Dome displays higher normalized discharges (Fig. 5). Although neither
upstream drainage area nor discharge rates were measured in the field, the observations
of Frei and Schar (1998) are supported; the larger amounts of precipitation falling over

the Lepontine Dome must be contributing to the elevated discharge rates of the rivers.
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Figure 5. Normalized discharge plotted against discharge rate taken
from DEM. Notice that field sites in the Lepontine Dome have higher
rates of discharge normalized over upstream drainage area compared to
field sites in Graubunden.
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Both the total volume of eroded bedrock and the average depth of incision into the
bedrock were measured, although the volume of incised bedrock was not used in the least
squares analysis. When comparing the total volume eroded against the average depth of
incision, the Lepontine Dome and Graubiinden study areas show different trends (Fig. 6).
As expected, the incised volumes in the Lepontine Dome continue to increase as average
channel depth increases. However, in the Graubuinden region, as the depths of incision
increase, there is no corresponding increase in total volume eroded. All eroded volumes
from the Graubiinden field area are less than 20,000 m®, whereas only the smallest
volume of eroded bedrock in the Lepontine Dome is under 20,000 m®. In comparison,
the largest volume eroded from a site in the Lepontine Dome is approximately 29,122 m°.
In this study, the observed incision rates are low and range from 0.149 mm/yr to
0.736 mml/yr, yet still fall in an appropriate range for river incision rates of mountainous
landscapes (Brocard et al., 2003). For example, one study of postglacial fluvial bedrock
incision in the French Western Alps reports incision rates of approximately 0.8 mm/yr
(Brocard et al., 2003). Additionally, channel gradients in this study are at times very
steep due to a knickpoint in the bedrock incising reach.
Model Parameters

For the entire Central Alps study area, the value of the exponent m returned by the

linear least squares analysis is -0.054, while the value returned of the exponent n is -0.086.

Negative values for the m and n exponents suggest that incision rates are inversely related
to normalized discharge and channel gradient, which contradicts the principles that the

stream power models are based on. The calculated value of k, in contrast, falls in the
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Figure 6. Total volume of eroded material plotted against the average
depth of incision. Notice that each of the study areas have unique trends;
the Lepontine Dome field sites show a strong positive linear correlation
between the two parameters, while the Graubtiinden region does not. The
Graubunden river channels do not deepen as the volume of incision
increases, as Is expected.
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appropriate range, as discussed in previous studies on this subject (Stock and
Montgomery, 1999; Whipple et al., 2000b; Kirby and Whipple, 2001). The k coefficient
found for this study area is 1.17x10™. Thus, our stream power model takes the form
E =1.17x10™ Q004 5008, (3)

By comparing the incision rates estimated with model against the observed
incision rates graphically, the correlation between the estimated and observed rates can
be evaluated (Fig. 7). The points in such a graph should align along a 1:1 line, which
indicates that the incision rates observed in the field are equal to the incision rates
calculated using the model in equation 3. However, Figure 7 shows that the points form a
roughly horizontal line at an estimated incision rate of approximately 0.4 mm/yr. This
suggests that the values of normalized discharge and channel gradient for any field site in
this study will predict an incision rate between 0.3 mm/yr and 0.5 mm/yr, even though in
many cases the observed incision rate is larger or smaller.

For comparison, the linear least squares analysis is performed on each of the small
field areas separately. The stream power model of the Lepontine Dome is
E =3.43x107° Q8.97 S—O.78’ (4)
while the stream power model for the Graublinden area is
E = 1.45x10° Q02 (5)
(Appendix 2 and 3, respectively). As in the initial least squares analysis, equation 4 has
values of m and n that are not representative of known hydraulic relationships.
Additionally, the erodibility coefficient is extremely large. Equation 5, the stream power
model of the Graubiinden area, has acceptable values of k and n; however, the m

parameter is negative, which suggests that incision rate decreases as discharge increases.
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Figure 7. Estimated incision rates are calculated using the stream power model found from
the least squares analysis performed on all data sites. Note that the estimated incision rates
have a smaller range of values than the observed incision rates. If this model was perfectly
accurate, all points would be on the 1:1 line.
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Despite the few incongruous parameters, these models estimate incision rates more
accurately than the initial analysis (Fig. 8). In both study areas, the graphs of estimated
incision rates against observed incision rates show that these models, although
inconsistent with theoretical stream power models, estimate rates of incision more
accurately than equation 3.

In order to extract more meaningful relationships from the parameters of a stream
power model, the value of k is held at 0.1, and the least squares analysis is again
performed on all field sites. The value 0.1 is used in this analysis because it produces
estimated incision rates similar to the observed incision rates (between 0.1 and 0.8
mm/yr). The calculated values of m and n produce the following stream power model:
E=0.1Q%**s%™, (6)
Although the value of k is forced to be larger than values from previous studies,
evaluating the data for two unknown parameters instead of three produced an acceptable
incision model. However, there is no correlation between the estimated incision rates and
the observed incision rates (Fig. 9). Notably, the estimated and observed incision rates
from the Lepontine Dome show the opposite of what is expected; the as the observed

incision rates increase, the predicted values decrease.

DISCUSSION
Physical Implications
A negative value as the exponent of normalized discharge or channel gradient is
not supported by the theoretical foundations of the stream power equation. Furthermore,

the erosional coefficient k is poorly defined and does not reveal significant meaning of
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the physical implications of the stream power model. In equation 6, the stream power
model with a k of 0.1, the values of m and n are appropriate but the resulting estimated
incision rates have no correlation to the observed incision rates. Although not accurate,
this model suggests that channel gradient influences incision in the Central Alps more
than normalized discharge, since the value of n is larger than m.

Even with the generalizations of the stream power model, or perhaps due to them,
the data from this study produced models that generated irrational parameters and do not
accurately estimate incision rates from field data. Despite these incongruous results, the
values of k, m, and n found from the least squares analyses fit the data, since the
normalized discharges and gradients at the field sites helped to develop these models.

From the stream power model, the erosional efficiency of a channel is a function
of discharge and gradient (Gilbert, 1877). A rudimentary test of the applicability of the
stream power model to the data is comparing the observed incision rates with the product
of normalized discharge and channel gradient of each of the field sites (Fig. 10). Since
incision rate is proportional to the product of normalized discharge and gradient, a
positive linear relationship is expected. On the contrary, Figure 10 shows that these rates
are inversely related. Theoretically, the coefficient k is small and positive, so the
incorporation of this parameter into our test would not correct the inverse relationship.
Applicability of the Stream Power Model

Incision rates measured in the field do not agree with the general principle that
normalized discharge and stream gradient are proportional to incision rate. In other
words, some field sites have low rates of incision despite large normalized discharges and

steeper channel gradients, while others have higher rates of incision despite low
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Figure 10. The incision rates observed in the field again the product of
normalized discharge and channel gradient. From the stream power laws,
these variables should be proportional to one another, but here an inverse
relationship is shown.
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discharges and shallow gradients. Therefore, the stream power model may not be
applicable to this study due to the nature of the field sites.

Additionally, the field sites from this study may not be representative of the
Central Alps because some uniformity between sites, such as small drainage areas or
stream order, may cause unique situations. More field sites covering a larger area of the
Lepontine Dome and surrounding regions would greatly aid this study, and may produce
more reasonable stream power models.

It is also possible that channel erosion rates change with variations in hydrologic
forcing through time, from variations in climate or in dominant processes along a channel
reach (Hancock et al., 1998a). As written, a rate law such as equation 2 cannot explicitly

incorporate such variability in either time or space (Hancock et al., 1998a).

CONCLUSION

Much of the form and dynamics of mountainous landscapes are governed by the
processes of bedrock channel erosion (Whipple et al., 2000a). Quantitative observations
hypothesize that fluvial erosion has influenced the landscape of the Lepontine Dome
more than the Graubiinden region due to higher precipitation rates. To quantify the
influence of precipitation variation and channel gradient on bedrock incision, the field
data are evaluated to fit a stream power model, since numerous studies have applied
adaptations of the stream power model to field and topographic data (Howard and Kerby,
1983; Stock and Montgomery, 1999; Snyder et al., 2000).

Using a least squares analysis, this study finds that the stream power models have

values of k, m, and n that did not reveal meaningful relationships between the parameters



Q and S, and may not be applicable to the field sites included in this study. When
evaluated against previous studies, the coefficient k is at times too large, and the values of
m and n are most often negative. These values are not supported by the theoretical
foundation of the stream power model.

Although this study cannot draw precise conclusions on the controls on landscape
evolution in the Central Alps, a correlation between greater amounts of precipitation
falling over the Lepontine Dome and an increased erosional efficiency is still possible, as
climate is a primary control on the nature and intensity of surface processes. The
addition of more field sites of bedrock incising rivers from the Lepontine Dome and
Graubiinden canton may allow the stream power model to provide more concrete

relationships between bedrock incision rates, precipitation variation and channel gradient.
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APPENDICES

Appendices 1 through 4 are Wolfram Mathematica 6.0 notebooks.

Appendix 1 describes the mathematical approach to finding the parameters k, m,
and n of the stream power law using all of the nine field sites. Therefore, the stream
power law found in this analysis can be applied to both the Lepontine Dome and
Graubiinden rivers.

Appendix 2 and 3 describe the same least squares analysis as in Appendix 1, but
applied to the Lepontine Dome and Graubunden study areas separately (Appendix 2 and
3, respectively).

In Appendix 4, the least squares analysis was again used on all of the field sites;
however, the value of the parameter k is assumed to be 0.1. Therefore, only the
exponents m and n were calculated. The value of k is held at 0.1 because the resulting

stream power model estimates incision rates fairly accurately.
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APPENDIX 1
Wolfram Mathematica 6.0 notebook describing the mathematical approach to
finding the parameters k, m, and n of the stream power law that describe all field
sites in the Central Alps.

Least Squares Analysis

Visualizing the data

Data are in the form {Q, S, E}, or {normalized discharge, channel gradient, incision rate}, for each
of the nine field sites. The data were either measured or approximated from previous studies. Note
that the estimated time since last glaciation used here is the time since the LGM, or 20,000 years.

Clear[data];

data = {{0.00000000306726969, 0.121450, 0.00021940},
{ 0.00000000302976717, .448270, .00059460},
{0.00000000001766150 , .364050, .00045120},
{0.00000000288960458 , .243850, .00014950},
{0.00000000000836470, .46034, .00057510 },
{0.00000000505923, 0.18994, .00073560 },
{0.00000000505923 , 0.09564, .00072740},
{ 0.00000000518714482, .362450, .00035690},
{ 0.00000000500830265, .31055, .0002686}}; data // MatrixForm

3.06727x10° 0.12145 0.0002194
3.02977 x10°° 0.44827 0.0005946
1.76615x 101 0.36405 0.0004512
2.8896x10° 0.24385 0.0001495
8.3647x10 ' 0.46034 0.0005751
5.05923x10° 0.18994 0.0007356
5.05923x10° 0.09564 0.0007274
5.18714x10° 0.36245 0.0003569
5.0083x10° 0.31055 0.0002686




dataplot = ListPointPlot3D[data,
PlotStyle —» PointSize[0.02], Filling —> Bottom,

FillingStyle —» {Red}, AxesLabel - {"*"Normalized Discharge",
""Channel Gradient™, "Incision Rate'}]
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ncision Rate
.0004

.0002

Changing equation 1 from an exponential to a linear form

The stream power equation used in this study is E = k Q™ S" (equation 1).

By taking the logarithm of each side, we find

logE = logk + mlogQ + nlogs.

With a set of equations in this form, it is possible to perform a Least Square analysis.

logs = Log[10, data]

{{—8.51325, —0.915602, —3.65876},
{—8.51859, —0.34846, —3.22578}, {—10.753, —0.438839, —3.34563},
{—8.53916, —0.612877, —3.82536}, {—11.0775, —0.336921, —3.24026},
{—8.29592, —0.721384, —3.13336}, {—8.29592, —1.01936, —3.13823},
{—8.28507, —0.440752, —3.44745}, {—8.30031, —0.507868, —3.57089}}

Create a matrix for right side of equation with known parameters:




A = {{1, logs[[1, 1]], logs[[1, 211}, {1, logs[[2, 111, logs[I2, 211},
{1, logsl[[3, 111, logs[[3, 211}, {1, logs[[4, 111, logs[[4, 2]},
{1, logslI5, 111, logslI5, 211}, {1, logs[[6, 111, logs[[6, 2]},
{1, logs[[7, 111, logs[[7, 211}, {1, logs[[8, 111, logs[[8, 211},
{1, logs[[9, 111, logs[[9, 211}}; A // MatrixForm

[

-8.51325 -0.915602
-8.51859 -0.34846
-10.753 -0.438839
-8.53916 -0.612877
-11.0775 -0.336921
-8.29592 -0.721384
-8.29592 -1.01936
-8.28507 -0.440752
-8.30031 -0.507868

PRRPRRPRREPRR

Create vector with solutions, the logarithms of the incision rates.

b = {logs[[1, 311, logs[[2, 311, logs[[3, 311,
logs[[4, 311, logs[[5, 311, logs[[6, 311, logs[[7, 311,
logs[[8, 311, logs[[9, 311}; b // MatrixForm

—3.65876
—3.22578
—3.34563
—3.82536
—3.24026
—3.13336
—3.13823
—3.44745
—3.57089

If we naively try to solve the linear system Ax = b, we get no unique solution.



LinearSolve[A, b]

— LinearSolve::nosol :
Linear equation encountered that has no solution. >

LinearSolve[{{1, —8.51325, —0.915602},
{1, —8.51859, —0.34846}, {1, —10.753, —0.438839},
{1, —8.53916, —0.612877}, {1, —11.0775, —0.336921},
{1, —8.29592, —0.721384}, {1, —8.29592, —1.01936},
{1, —8.28507, —0.440752}, {1, —8.30031, —0.507868}},
{—3.65876, —3.22578, —3.34563, —3.82536, —3.24026,
—3.13336, —3.13823, —3.44745, —3.57089}]

The Least Squares solution, or the best estimates for Log(k), m, and n:

xx = LeastSquares[A, b]

{—3.93033, —0.0537198, —0.0858478}

Evaluating the least squares solution to find exact value of k

Because of units, the k found by the least square analysis is not the k to be used in the stream power
equations.

realk = 1011

0.0001174

And, the units of k are:

meters”™ (1 — xx[[2]]) / year

mete rSl.05372

year

The values of k, m, and n are therefore:



kmn = {realk, xx[[211, xX[[311}

{0.0001174, -0.0537198, -0.0858478}

Reconstructing the stream power law:

incision = kmn[[1]] * Q~Kkmn[[2]] * SAkmn[[3]]

0.0001174
Q0-0537198 g0.0858478

Comparing observed incision rates against calculated incision rates using the
k,m,n values found:

estimated =
{realk « (data[[1, 1]]kmn[[2]D  (data[[1, 211 kmn[[3]]),
realk « (data[[2, 1]]1"kmn[[2]]) * (data[[2, 2]]1kmn[[3]]),
realk x (data[[3, 1]]1*kmn[[2]]) = (data[[3, 2]]kmn[[3]]),
realk « (data[[4, 1]1"kmn[[2]]) * (data[[4, 2]]1kmn[[3]]),
realk « (data[[5, 1]]1"kmn[[2]]) * (data[[5, 2]]1kmn[[3]]),
realk = (data[[6, 1]]1"kmn[[2]]) = (data[[6, 2]]kmn[[3]]),
realk « (data[[7, 1]]1°kmn[[2]]) « (data[[7, 2]]1kmn[[3]]),
realk « (data[[8, 1]1°kmn[[2]]) * (data[[8, 2]]1kmn[[3]]),
realk x (data[[9, 1]]kmn[[2]]) * (data[[9, 211 kmn[[3]1])}

{0.000403273, 0.000360744, 0.000484159, 0.000381069, 0.000493941,
0.000377791, 0.000400712, 0.000356925, 0.000362374}

observed = {data[[1, 3]], data[[2, 3]], data[[3, 3]], data[[4, 311,
data[[5, 3]], data[[6, 3]], data[[7, 3]], data[[8, 3]], data[[9, 3]1}

{0.0002194, 0.0005946, 0.0004512, 0.0001495,
0.0005751, 0.0007356, 0.0007274, 0.0003569, 0.0002686}




OE = {{observed[[1]], estimated [[1]]},
{observed[[2]], estimated [[2]]}, {observed[[3]], estimated [[3]]},
{observed[[4]], estimated [[4]]}, {observed[[5]], estimated [[5]]},
{observed[[6]], estimated [[6]]}, {observed[[7]], estimated [[71]},
{observed[[8]], estimated [[8]]}, {observed[[9]], estimated [[9]]}}

{{0.0002194, 0.000403273},
{0.0005946, 0.000360744}, {0.0004512, 0.000484159},
{0.0001495, 0.000381069}, {0.0005751, 0.000493941},
{0.0007356, 0.000377791}, {0.0007274, 0.000400712},
{0.0003569, 0.000356925}, {0.0002686, 0.000362374}}

ListPlot[OE, AxesOrigin - {0, 0}, PlotStyle -» Red,
PlotStyle —> {PointSize[ Large]}, AxesLabel —»
{""Observed Incision Rate", "Estimated Incision Rate'}]

Estimated Incision Rate
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0.0004 |
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0.0001
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0.00010.00020.00030.00040.00050.00060.0007

Equation for the best fit line through these points :

Fit[OE, {1, X}, X]

0.000383571 + 0.0414022 x

Compute the residual standard error (mean square error or MSE):

In statistical modelling, the MSE is defined as the difference between the actual observations and the
response predicted by the model and is used to determine whether the model does not fit the data or
whether the model can be simplified by removing terms. A MSE of zero, meaning that the estimator
predicts observations with perfect accuracy, is the ideal and forms the basis for the least squares
method of regression analysis.

While particular values of MSE other than zero are meaningless in and of themselves, they may be



used for comparative purposes. Two or more statistical models may be compared using their MSEs
as a measure of how well they explain a given set of observations: The unbiased model with the
smallest MSE is generally interpreted as best explaining the variability in the observations.

error = Total[(estimated — observed)”2]

3.93342 x 107/




APPENDIX 2
Wolfram Mathematica 6.0 notebook describin the mathematical approach to finding
the parameters k, m, and n of the stream power law to describe the Leopontine
Dome study area.

Least Squares Analysis

Visualizing the data

Data are in the form {Q, S, E} for each of the nine field sites. The data were either measured or
approximated from previous studies. Note that the estimated time since last glaciation used here is
the time since the LGM, or 20,000 years.

Clear[data]; data = {{0.00000000505923, 0.18994, .00073560 },
{ 0.00000000505923, 0.09564, .00072740},
{ 0.00000000518714482, .362450, .00035690},
{ 0.00000000500830265, .31055, .0002686}}; data // MatrixForm

5.05923x10° 0.18994 0.0007356
5.05923x 107 0.09564 0.0007274
5.18714x10° 0.36245 0.0003569
5.0083x10° 0.31055 0.0002686




dataplot = ListPointPlot3D[data,
PlotStyle —» PointSize[0.02], Filling —> Bottom,
FillingStyle —» {Red}, AxesLabel - {"*"Normalized Discharge",
""Channel Gradient™, "Incision Rate'}]

Changing equation 1 from an exponential to a linear form

The stream power equation used in this study is E = k Q™ S" (equation 1).

By taking the logarithm of each side, we find
logE = logk + mlogQ + nlogS.
With this equation, it is possible to perform a Least Square analysis.

Using data to solve for parameters k, m, n

Using linear algebra and matrices to change data in order to use it in this Least Squares analysis.

logs = Log[10, data]

{{—8.29592, —0.721384, —3.13336}, {—8.29592, —1.01936, —3.13823},
{—8.28507, —0.440752, —3.44745}, {—8.30031, —0.507868, —3.57089}}

Create a matrix for left hand side of equation with known parameters.



A = {{1, logs[[1, 1]], logs[[1, 211},
{1, logs[[2, 111, logslI2, 211}, {1, logsl[3, 111, logslI[3, 211},
{1, logs[[4, 111, logs[[4, 2]11}}; A // MatrixForm

1 -8.29592 -0.721384
1 -8.29592 -1.01936

1 -8.28507 -0.440752
1 -8.30031 -0.507868

Create vector with solutions, or the logarithms of the incision rates.

b = {logs[[1, 311, logs[[2, 311, logslI3, 311, logs[[4, 311};
b // MatrixForm

—3.13336
—3.13823
—3.44745
—3.57089

If we naively try to solve the linear system Ax = b, we get no unique solution.

LinearSolve[A, b]

— LinearSolve ::nosol :
Linear equation encountered that has no solution. >
LinearSolve[{{1, —8.29592, —0.721384}, {1, —8.29592, —1.01936},

{1, —8.28507, —0.440752}, {1, —8.30031, —0.507868}},
{—3.13336, —3.13823, —3.44745, —3.57089}]

The Least Squares solution, or the best estimates for Log(k), m, and n:

xX = LeastSquares[A, b]

{70.5225, 8.96644, —0.781536}

Evaluating the Least Squares solution to find exact value of k

Because of units, the k found by the Least Square analysis is not the k to be used in the stream power
equations.



realk = 1011

3.33008 x 107°

And, the units of k are:

meters”™ (1 — xx[[2]]) / year

1

meters’-96644 year

The values of k, m, and n are therefore:

kmn = {realk, xx[[211, xX[[311}

[3.33008x107°, 8.96644, -0.781536]

Reconstructing the stream power law:

incision = kmn[[1]] * Q~Kkmn[[2]] * SAkmn[[3]]

3.33008 x 1070 Q8-96644
g0.781536

Comparing observed incision rates against calculated incision rates using the
k,m,n values found:

estimated =
{realk = (data[[1, 1]]"kmn[[2]]) * (data[[1, 2]]Kkmn[[3]]),
realk x (data[[2, 1]]1kmn[[2]]) = (data[[2, 2]]kmn[[3]]),
realk x (data[[3, 1]]1kmn[[2]]) = (data[[3, 2]]kmn[[3]]),
realk x (data[[4, 111 kmn[[2]]) * (data[[4, 2]]1kmn[[3]1])}

{0.00050279, 0.000859541, 0.000379572, 0.000312694}




observed = {data[[1, 3]], data[[2, 3]], data[[3, 3]], data[[4, 311}

{0.0007356, 0.0007274, 0.0003569, 0.0002686}

OE =
{{observed[[1]], estimated [[1]]}, {observed[[2]], estimated [[2]]},
{observed[[3]], estimated [[3]]}, {observed[[4]], estimated [[4]]}}

{{0.0007356, 0.00050279}, {0.0007274, 0.000859541},
{0.0003569, 0.000379572}, {0.0002686, 0.000312694}}

ListPlot[OE, AxesOrigin - {0, 0}, PlotStyle » Red,
PlotStyle —> {PointSize[ Large]}, AxesLabel »
{""Observed Incision Rate", "Estimated Incision Rate"'}]

Estimated Incision Rate
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Equation for the best fit line through these points :

Fit[OE, {1, x}, x]

0.000100732 + 0.79084 x

Compute the residual standard error (mean squared error or MSE):

In statistical modelling, the MSE is defined as the difference between the actual observations and the
response predicted by the model and is used to determine whether the model does not fit the data or
whether the model can be simplified by removing terms. A MSE of zero, meaning that the estimator
predicts observations with perfect accuracy, is the ideal and forms the basis for the least squares
method of regression analysis.

While particular values of MSE other than zero are meaningless in and of themselves, they may be



used for comparative purposes. Two or more statistical models may be compared using their MSEs
as a measure of how well they explain a given set of observations: The unbiased model with the
smallest MSE is generally interpreted as best explaining the variability in the observations.

error = Total[(observed — estimated) 2]

7.41199 x 1078




APPENDIX 3
Wolfram Mathematica 6.0 notebook describing the mathematical approach to
finding the parameters k, m, and n of the stream power law to describe the
Graubunden study area.

Least Squares Analysis

Visualizing data

Data are in the form {Q, S, E} for each of the nine field sites. This data was measured or approxi-
mated from previous studies. Note that the estimated time since last glaciation used here is the time
since the LGM, or 20,000 years.

Clear[data] ; data =
{{0.00000000306726969 , 0.121450, 0.00021940},
{ 0.00000000302976717, 448270, .00059460},
{ 0.00000000001766150 , .364050, .00045120},
{ 0.00000000288960458 , .243850, .00014950},
{ 0.00000000000836470 , .46034 , .00057510 }};
data // MatrixForm

3.06727 x10°° 0.12145 0.0002194
3.02977x10° 0.44827 0.0005946
1.76615x 10 0.36405 0.0004512
2.8896x10° 0.24385 0.0001495
8.3647x10'? 0.46034 0.0005751




dataplot = ListPointPlot3D[data, PlotStyle —» PointSize[0.02],
Filling —> Bottom, FillingStyle » {Red}, AxesLabel —»
{"'Discharge', ""Channel Gradient™, "Incision Rate''}]

02 annel GRdient

Changing equation 1 from an exponential to a linear form

The stream power equation used in this study is E = k Q™ S" (equation 1).

By taking the logarithm of each side, we find
logE = logk + mlogQ + nlogS.
With this equation, it is possible to perform a Least Square analysis.

Using data to solve for parameters k, m, n

Using linear algebra and matrices to change data in order to use it in this Least Squares analysis.

logs = Log[10, data]

{{—8.51325, —0.915602, —3.65876},
{—8.51859, —0.34846, —3.22578}, {—10.753, —0.438839, —3.34563},
{—8.53916, —0.612877, —3.82536}, {—11.0775, —0.336921, —3.24026}}

Create a matrix for left hand side of equation with known parameters.



A = {{1, logs[[1, 111, logs[[1, 211}, {1, logs[[2, 1]], logs[[2, 2]1},
{1, logsl[[3, 111, logs[[3, 211}, {1, logs[[4, 111, logs[[4, 2]},
{1, logs[[5, 111, logs[[5, 2]11}}; A // MatrixForm

—8.51325 -0.915602
—8.51859 -0.34846

—10.753 —-0.438839
—8.53916 -0.612877
—11.0775 -0.336921

Y

Create vector with solutions, or the logarithms of the incision rates.

b = {logs[[1, 311, logsl[2, 311, logsl[3, 311, logs[[4, 3], logsII5, 311};
b // MatrixForm

—3.65876
—3.22578
—3.34563
—3.82536
—3.24026

If we naively try to solve the linear system Ax = b, we get no unique solution.

LinearSolve[A, b]

— LinearSolve::nosol :
Linear equation encountered that has no solution. >

LinearSolve[{{1, —8.51325, —0.915602},
{1, —8.51859, —0.34846}, {1, —10.753, —0.438839},
{1, —8.53916, —0.612877}, {1, —11.0775, —0.336921}},
{—3.65876, —3.22578, —3.34563, —3.82536, —3.24026}]

The Least Squares solution, or the best estimates for Log(k), m, and n:

xx = LeastSquares[A, b]

{—3.4642, —0.0418775, 0.738805}




Evaluating the Least Squares solution to find exact value of k

Because of units, the k found by the Least Square analysis is not the k to be used in the stream power
equations.

realk = 1011

0.000343398

And, the units of k are thus:

meters”™ (1 — xx[[2]]) / year

mete rsl.04188

year

The values of k, m, and n are therefore:

kmn = {realk, xx[[2]], xx[[311}

{0.000343398, —0.0418775, 0.738805}

Reconstructing the exponential quation:

incision = (kmn[[1]]) * QN (kmn[[2]]) * SN (kmn[[3]1])

0.000343398 S0-738805
Q0418775




Comparing observed incision rates against calculated incision rates using the
k,m,n values found:

estimated =
{realk = (data[[1, 1]]"kmn[[2]]) * (data[[1, 2]]Kmn[[3]]),
realk x (data[[2, 1]]1*kmn[[2]]) = (data[[2, 2]]kmn[[3]]),
realk = (data[[3, 1]]*kmn[[2]]) = (data[[3, 2]]kmn[[3]]),
realk « (data[[4, 1]1°kmn[[2]]) * (data[[4, 2]]1kmn[[3]]),
realk = (data[[5, 111 kmn[[2]]) * (data[[5, 2]]1kmn[[3]1])}

{0.000164384, 0.000431609, 0.00045908, 0.000275803, 0.00056335}

observed =
{data[[1, 3]], data[[2, 3]], data[[3, 3]], data[[4, 3]], data[[5, 311}

{0.0002194, 0.0005946, 0.0004512, 0.0001495, 0.0005751}

OE = {{observed[[1]], estimated [[1]]},
{observed[[2]], estimated [[2]]}, {observed[[3]], estimated [[3]]},
{observed[[4]], estimated [[4]]}, {observed[[5]], estimated [[5]]}}

{{0.0002194, 0.000164384},
{0.0005946, 0.000431609}, {0.0004512, 0.00045908},
{0.0001495, 0.000275803}, {0.0005751, 0.00056335}}




ListPlot[OE, AxesOrigin - {0, 0}, PlotStyle » Red,
PlotStyle —> {PointSize[ Large]}, AxesLabel »
{""Observed Incision Rate", ""Estimated Incision Rate''}]

Estimated Incision Rate
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Equation for the best fit line through these points :

Fit[OE, {1, x}, x]

0.000112992 + 0.66804 x

Compute the residual standard error (mean squared error):

Mean squared error

An MSE of zero, meaning that the estimator predicts observations with perfect accuracy, is the ideal
and forms the basis for the least squares method of regression analysis.

While particular values of MSE other than zero are meaningless in and of themselves, they may be
used for comparative purposes. Two or more statistical models may be compared using their MSEs
as a measure of how well they explain a given set of observations: The unbiased model with the
smallest MSE is generally interpreted as best explaining the variability in the observations.

In statistical modelling, the MSE is defined as the difference between the actual observations and the
response predicted by the model and is used to determine whether the model does not fit the data or
whether the model can be simplified by removing terms.

error = Total[(observed — estimated) /2]

457456 x 1078




APPENDIX 4
Wolfram Mathematica 6.0 notebook describing the mathematical approach to
finding the parameters m, and n of the stream power law while assuming a k value
of 0.1.

Visualizing data

Data are in the form {Q, S, E} for each of the nine field sites. The data were measured or approxi-
mated from previous studies. Note that the estimated time since last glaciation used here is the time
since the LGM, or 20,000 years.

Clear[data] ; data =
{{0.00000000306726969 , 0.121450, 0.00021940},
{ 0.00000000302976717, 448270, .00059460},
{ 0.00000000001766150 , .364050, .00045120},
{ 0.00000000288960458 , .243850, .00014950},
{ 0.00000000000836470 , .46034 , .00057510 },
{0.00000000505923, 0.18994, 00073560 },
{ 0.00000000505923 , 0.09564, .00072740},
{ 0.00000000518714482, .362450, .00035690},
{ 0.00000000500830265, -31055, .0002686}} ;
data // MatrixForm

3.06727x10°° 0.12145 0.0002194
3.02977x10° 0.44827 0.0005946
1.76615x 10 0.36405 0.0004512
2.8896x10° 0.24385 0.0001495
8.3647x10*? 0.46034 0.0005751
5.05923x10° 0.18994 0.0007356
5.05923x10° 0.09564 0.0007274
5.18714x10° 0.36245 0.0003569
5.0083x10° 0.31055 0.0002686




dataplot = ListPointPlot3D[data,
PlotStyle » PointSize[0.02], Filling -> Bottom,
FillingStyle » {Red}, AxesLabel -» {"'Discharge’,
"Channel Gradient™, "Incision Rate'}]

Changing equation 1 from an exponential to a linear form

The stream power equation used in this study is E = k Q™ S" (equation 1).

By taking the logarithm of each side, we find
logE = logk + mlogQ + nlogS.
With this equation, it is possible to perform a Least Square analysis.

Using data to solve for parameters k, m by setting n=1

Using linear algebra and matrices to change data in order to use it in this Least Squares analysis.



logs = Log[10, data]

{{-8.51325, -0.915602, -3.65876},
{-8.51859, -0.34846, -3.22578},
{-10.753, -0.438839, -3.34563},
{-8.53916, -0.612877, -3.82536},
{-11.0775, -0.336921, -3.24026},

29592, -0.721384, -3.13336},

29592, -1.01936, -3.13823},

28507, -0.440752, -3.44745},

3

(-8.
(-8.
(-8.
(-8.30031, -0.507868, -3.57089}}

Create a matrix for left hand side of equation with known parameters.

A = {{logs[[1, 1]], Mlogs[[1l, 2]1},
{logs[[2, 1]], logs[[2, 2]1},
{logs[[3, 111, logs[[3, 211},
{logs[[4, 111, logs[[4, 211},
{logs[[5, 111, logs[[5, 211},
{logs[[6, 111, logs[[6, 211},
{logs[[7, 111, logs[[7, 211},
{logs[[8, 111, logs[[8, 211},
{logs[[9, 1]1], logs[[9, 2]]1}}; A // MatrixForm

-8.51325 -0.915602
-8.51859 -0.34846
-10.753 -0.438839
-8.53916 -0.612877
-11.0775 -0.336921
-8.29592 -0.721384
-8.29592 -1.01936
-8.28507 -0.440752
-8.30031 -0.507868

Set k to a value that produces estimated incision rates in the same range as the observed rates:

k = 1
logk = Log[10, K]

-1.

Create vector with solutions, or the logarithms of the incision rates.



b = {logs[[1, 3]] - logk, logs[[2, 3]] - logk,
logs[[3, 3]]1 - logk, logs[[4, 3]] - logk,
logs[[5, 3]]1 - logk, logs[[6, 3]] - logk,
logs[[7, 3]]1 - logk, logs[[8, 3]] - logk,
logs[[9, 3]] - logk}; b // MatrixForm

-2.65876
-2.22578
-2.34563
-2.82536
-2.24026
-2.13336
-2.13823
-2.44745
-2.57089

If we naively try to solve the linear system Ax = b, we get no unique solution.

LinearSolve[A, b]

— LinearSolve::nosol :
Linear equation encountered that has no solution. >

LinearSolve[{{-8.51325, -0.915602} ,
{-8.51859, -0.34846}, {-10.753, -0.438839},
{-8.53916, -0.612877}, {-11.0775, -0.336921},
{-8.29592, -0.721384}, {-8.29592, -1.01936},
{-8.28507, -0.440752}, {-8.30031, -0.507868} },
{-2.65876, -2.22578, -2.34563, -2.82536, -2.24026,
-2.13336, -2.13823, -2.44745, -2.57089} ]

The Least Squares solution, or the best estimates for Log(k), m, and n:

XX = LeastSquares[A, b]

{0.215104, 0.758614}

Evaluating the least squares solution to find exact value of k

The units of k are thus:



meters”™ (1 - xx[[1]]) / year

mete IFSO - 784896

year

The values of k, m, and n are therefore:

kmn = {k, xXxX[[1]1]., XX[[2]1]1}

(0.1, 0.215104, 0.758614}

Reconstructing the exponential quation:

incision = kxQ™(kmn[[2]]) * S~kmn[[3]]

0.1 Q0.215104 SO.758614




Comparing observed incision rates against calculated incision rates
using the k,m,n values found:

estimated = {k* (data[[1l, 1]]17kmn[[2]]) *
(data[[1, 2]1~kmn[[3]]1),
k* (data[[2, 1]117°kmn[[2]]) *
(data[[2, 2]1°"kmn[[31]),
k% (data[[3, 1]117°kmn[[2]]) *
(data[[3, 211 ~kmn[[3]1]) .,
kx (data[[4, 111°kmn[[2]]) *
(data[[4, 211°kmn[[3]1),
kx (data[[5, 1]117kmn[[2]]) *
(data[[5, 2]1°kmn[[3]]1),
k* (data[[6, 1]11°kmn[[2]]) *
(data[[6, 2]1°kmn[[3]]1),
k* (data[[7, 1]117°kmn[[2]]) *
(data[[7, 2]1°"kmn[[31]),
k* (data[[8, 1]]1°kmn[[2]]) *
(data[[8, 211 ~kmn[[3]1]) .,
k+ (data[[9, 1]]17kmn[[2]]) *
(data[[9, 2]11~°kmn[[31])}

{0.000297975, 0.000800335, 0.000225988,
0.00049918, 0.000229924, 0.000465871,
0.000276832, 0.000764697, 0.000674988 }

observed =
{data[[1, 3]], data[[2, 3]], data[[3, 3]],
data[[4, 3]], data[[5, 3]], data[[6, 3]1],
data[[7, 3]], data[[8, 3]], data[[9, 3]]}

{0.0002194, 0.0005946, 0.0004512,
0.0001495, 0.0005751, 0.0007356,
0.0007274, 0.0003569, 0.0002686 }




OE = {{observed[[1]], estimated [[1]]},
{observed[[2]], estimated [[2]]},
{observed[[3]], estimated [[3]]},
{observed[[4]], estimated [[4]]},
{observed[[5]], estimated [[5]]},
{observed[[6]], estimated [[6]]},
{observed[[7]], estimated [[7]]},
{observed[[8]], estimated [[8]]},
{observed[[9]], estimated [[9]]}}

({0.0002194, 0.000297975},
{0.0005946, 0.000800335},
{0.0004512, 0.000225988} ,
({0.0001495, 0.00049918}, {0.0005751, 0.000229924} ,
{0.0007356, 0.000465871},
({0.0007274, 0.000276832},
{0.0003569, 0.000764697},
({0.0002686, 0.000674988} }

PlotStyle -> {PointSize[ Large]},
AxesLabel -» {"'Observed Incision Rate",
"Estimated Incision Rate'}]

Estimated Incision Rate
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ListPlot[OE, AxesOrigin -» {0, 0}, PlotStyle - Red,

Observed Inci

Equation for the best fit line through these points :

FIt[OE, {1, X}, X]

0.000555375 - 0.186987 x

Compute the residual standard error (mean squared error):
Mean squared error




An MSE of zero, meaning that the estimator predicts observations with perfect accuracy, is the ideal
and forms the basis for the least squares method of regression analysis.

While particular values of MSE other than zero are meaningless in and of themselves, they may be
used for comparative purposes. Two or more statistical models may be compared using their MSEs
as a measure of how well they explain a given set of observations: The unbiased model with the
smallest MSE is generally interpreted as best explaining the variability in the observations.

In statistical modelling, the MSE is defined as the difference between the actual observations and the
response predicted by the model and is used to determine whether the model does not fit the data or
whether the model can be simplified by removing terms.

error = Total [ (observed - estimated) ~2]

9.47858 x 10’






